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A new quantum spin liquid (QSL) candidate material H3LiIr2O6 was synthesized recently and was
found not to show any magnetic order or phase transition down to low temperatures. In this work,
we study the quantum dynamics of the hydrogen ions, i.e., protons, in this material by combining
first-principles calculations and theoretical analysis. We show that each proton and its adjacent
oxygen ions form an electric dipole. The dipole interactions and the proton tunneling are captured
by a transverse-field Ising model with a quantum disordered paraelectric ground state. The dipole
excitations have an energy gap ∆d ' 60 meV, and can be probed by the infrared optical spectroscopy
and the dielectric response. We argue that the electric dipole fluctuations renormalize the magnetic
interactions in H3LiIr2O6 and lead to a Kitaev QSL state.
Introduction.—Quantum spin liquids (QSLs) are para-
magnetic ground states of Mott insulators without any
long-range magnetic orders or lattice symmetry breaking,
which can be induced by (geometrical) frustration [1] and
strong charge fluctuations [2]. The QSLs are character-
ized by fractionalized spinons and emergent gauge flux
excitations [3, 4]. They were proposed to be the parent
states of high-Tc superconductors [5, 6] and may be used
for quantum computation [7, 8].
The Kitaev model on the honeycomb lattice [8] is
a prototype of QSL. The Hamiltonian hosts the bond-
dependent Ising-type interactions,
HK = K
∑
〈ij〉∈γ
Sγi S
γ
j , (1)
where γ = x, y, z labels the three types of nearest-
neighbor bonds (Fig. 1, right panel). The Kitaev model
is exactly solvable with a QSL ground state [8]. Its ex-
citations can be represented by Majorana fermions and
emergent Z2 gauge fluxes.
It was soon realized [9] that the Kitaev interaction
naturally arises in several transition metal compounds,
e.g., Na2IrO3, α-Li2IrO3, and α-RuCl3 [10]. In these
quasi-two dimensional materials, the edge-sharing IrO6
(RuCl6) octahedra form a honeycomb lattice in the ab
plane. The strong spin-orbit coupling on the cations lifts
the degeneracy of the t2g orbitals and leaves a pseudospin
Jeff = 1/2 Kramers pair occupied by one electron. The
anion-mediated electron hopping projected in this sub-
band is strongly suppressed due to the destructive inter-
ference of the two Ir-O-Ir hopping paths [9]. The leading-
order magnetic interaction involves the Hund coupling on
the cations and has exactly the form of the Kitaev term
[9].
However, all these Kitaev QSL candidates turn out
to have long-range magnetic orders at low temperatures
[11–16]. This can be accounted for by the nonnegligi-
ble Heisenberg interactions up to third nearest neighbors
[17],
HJ = J1
∑
〈ij〉
~Si · ~Sj+J2
∑
〈〈ij〉〉
~Si · ~Sj+J3
∑
〈〈〈ij〉〉〉
~Si · ~Sj , (2)
and/or other spin-anisotropic interactions [18].
A new Kitaev candidate material, H3LiIr2O6, was
synthesized recently by substituting hydrogen for the
inter-IrO3-layer lithium ions in α-Li2IrO3 [19]. The nu-
clear magnetic resonance and thermodynamic measure-
ments did not find any magnetic order or spin glassiness
down to 50 mK despite a large Curie-Weiss temperature
θCW = −105 K, thus suggesting a QSL state.
In this work, we study H3LiIr2O6 with first-principles
calculations and theoretical analysis, focusing on the role
of the substitute hydrogen ions. We find that each hy-
drogen ion, i.e., proton, together with two adjacent oxy-
gen ions, forms a uniaxial electric dipole perpendicular
to the ab plane. The electric dipole-dipole interaction
is described by the Ising model on the ABC-stacking
triangular lattice. The quantum tunneling of the pro-
ton flips the electric dipole and corresponds to a strong
transverse field term in the Ising model, and leads to a
quantum disordered paraelectric ground state. We thus
predict a sizable dielectric response in a broad temper-
ature range. The dipole excitations correspond to an
optical phonon mode and can be probed by the infrared
optical spectroscopy. We argue that the electric dipole
fluctuations can renormalize the magnetic interaction pa-
rameters and may push the effective Kitaev-Heisenberg
model of H3LiIr2O6 into the Kitaev QSL phase.
Crystal structure and electric dipoles on the O-H-O
bonds.—Given the sensitivity of the magnetic properties
of H3LiIr2O6 to the hydrogen substitution, we first study
the crystal structure with first-principles calculations and
pay particular attention to the impact of the substitute
hydrogen ions.
The first-principles calculations are performed with
the projector augmented wave (PAW) method [20, 21]
ar
X
iv
:1
80
7.
03
09
2v
2 
 [c
on
d-
ma
t.s
tr-
el]
  1
7 J
ul 
20
18
2a
b
c
3.05Å
3.10 Å
x bondy bo
nd
z bond
c
a
b
O
H
Li
Ir
FIG. 1. Left: Crystal structure of H3LiIr2O6 with the C2/m
space group, which is obtained by full relaxation of hydrogen
atoms in first-principles calculations. Right: The honeycomb
lattice of iridium ions in the ab plane. The three types of
nearest-neighbor bonds in the Kitaev term are labeled.
and the generalized gradient approximation (GGA) to
the exchange-correlation functional [22], which are im-
plemented in the Vienna ab initio Simulation Package
(VASP) [23, 24]. The spin-orbit coupling and the onsite
Coulomb interaction on the iridium atoms are included
in the noncollinear magnetic calculations. [25]
We adopt the experimental crystal structure of
H3LiIr2O6 without stacking faults refined with a mon-
oclinic structure and the C2/m space group [26]. The
precise positions of the protons were not determined by
the X-ray diffraction, therefore, their positions are fully
relaxed and optimized in first-principles calculations un-
til the force on each atom is smaller than 0.01 eV/A˚.
The relaxed crystal structure is shown in Fig. 1 [25].
The hydrogen ions deviate from the original lithium po-
sitions in α-Li2IrO3 and bridge the two nearest oxygen
ions in the two adjacent IrO3 layers, and form an ABC-
stacking triangular lattice (Fig. 3, left panel). The O-H-
O bonds are almost perpendicular to the ab plane.
The total energy is further lowered if the proton is shift
away from the O-H-O bond center towards either one of
the oxygen ions, while its displacement in the ab plane
increases the energy. By varying the height of one proton
while fixing others in the first-principles calculations, we
find that the proton is trapped in a double-well potential
V (z) (Fig. 2, right panel). The potential minima are at
±0.22 A˚ away from the O-H-O bond center. [27]
The proton at one of the energy minima forms a uni-
axial electric dipole with the oxygen ions. The net dipole
moment is calculated by integrating the dipole moment
density over a cylinder surrounding the O-H-O bond,
p0 = 0.06 ∼ 0.11 e · A˚. (The uncertainty comes from
different choices of the cylinder height.)
Electric dipole-dipole interactions.—We treat these
uniaxial electric dipoles as Ising variables, σzi = ±1.
In order to capture the dipole-dipole interactions in the
crystal, we obtain the total energies of various dipole con-
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FIG. 2. Left: Schematic illustration of the O-H-O bond,
which is almost perpendicular to the ab plane. Right: The 1D
double-well potential V (z) along the O-H-O bond direction
obtained by interpolating the first-principles energies with one
proton placed at different heights (solid circles), where the ori-
gin is chosen at the bond center. The proton wavefunctions of
the bonding (Ψb) and the antibonding (Ψab) states are also
shown.
figurations from the first-principles calculations (Fig. 3)
and fit the Ising model on the ABC-stacking triangular
lattice,
HD =
∑
ij
Dijσ
z
i σ
z
j , (3)
where Dij denotes both the intralayer interactions D1,2,3
and the interlayer interactions D′1,2,3 up to the third
nearest neighbors defined in Fig. 3. This method was
adopted to study the electric dipole-dipole interactions
in the hexaferrite BaFe12O19 [28]. The least-square fit-
ting yields D1 = 1.7 meV, D2 = −0.5 meV, D3 = −0.3
meV,D′1 = −0.2 meV,D′2 = 1.0 meV, andD′3 = 0.1 meV
[25]. The comparison of the first-principles total energies
and the fitted model energies is shown in Fig. 3. On the
other hand, the intralayer nearest-neighbor interaction
can be estimated from the dipole-dipole interaction at a
distance r = 3.15 A˚, D1 ' p20/4piε0r3 = 1.7 ∼ 5.6 meV,
which is roughly consistent with the result of fitting.
Proton tunneling and quantum paraelectricity.—The
Ising model of the dipole-dipole interactions may suggest
an antiferroelectric order at the ground state; however,
we will show this is not the case because of the quantum
tunneling of the protons. The proton tunneling between
the energy minima flips the electric dipole, and thus acts
as a transverse field in the Ising model,
Hh = −hx
∑
i
σxi . (4)
hx can be calculated from the difference of the bonding
and the antibonding state energies, b and ab, in the
double-well potential V (z). By numerically solving the
1D Schro¨dinger equation,
− ~
2
2mp
ψ′′(z) + V (z)ψ(z) = ψ(z), (5)
where mp is the proton mass, we find hx = (ab−b)/2 =
36.7 meV. The wavefunctions of the bonding and the
antibonding states are shown in Fig. 2.
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FIG. 3. Upper left: ABC-stacking triangular lattice of the
electric dipoles. The Ising interaction parameters D1,2,3 (in-
tralayer) andD′1,2,3 (interlayer) are labeled on the correspond-
ing bonds. Upper right: The comparison of the total energies
from first-principles calculations Ecalc (horizontal axis) and
the interaction energies in the Ising model Efit (vertical axis).
The Ising interaction parameters are obtained by the least-
square fitting. Lower panel: Several intralayer dipole con-
figurations used in calculations. The labels “FE+FE” and
“FE−FE” indicate that the configurations of the nearest two
layers are the same or the opposite to each other, respectively.
The proton tunneling term dominates over the dipole
interactions, hx  |Dij |, therefore the ground state of
the electric dipoles is a quantum disordered paraelectric
state. This leads to the following predictions to experi-
ments. First, these electric dipoles contribute a sizable
uniaxial dielectric response to the electric field perpen-
dicular to the ab plane in a large temperature range.
The temperature-dependence of the electric susceptibil-
ity χe(T ) can be derived by the mean field theory of the
transverse-field Ising model, and the result is the Barrett
formula [29],
χe(T ) =
M
1
2T1 coth(T1/2T )− T0
, (6)
where T1 = 2hx/kB ' 870 K marks the crossover
from the high-T Curie-Weiss behavior to the low-T
plateau, χe(T → 0) = M/(T1/2 − T0), and T0 =
−k−1B
∑
j Dij ' −130 K is the effective antiferroelec-
tric interaction strength. The overall amplitude M =
ρ0p
2
0/ε0kB depends on the electric dipole moment p0 and
the dipole density ρ0.
Second, the electric dipole excitations correspond to an
optical phonon mode. Its spectrum is derived by a single-
mode approximation on the paraelectric ground state and
is shown in Fig. 4. There is a dipole excitation gap
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FIG. 4. The dipole excitation spectrum along the high-
symmetry lines in the momentum space (inset).
∆d ' 60 meV. These dipole excitations may be probed
by the infrared optical spectroscopy.
Discussion: Impact on the magnetic interactions.—
The magnetic interactions can be extracted from the to-
tal energies of various magnetic moment configurations
when both the atom positions and the magnetic moment
configurations are prescribed in the first-principles calcu-
lations [25]. The protons are placed at the O-H-O bond
centers preserving the C2/m symmetry. The following
(extended) Kitaev-Heisenberg model is fitted to the cal-
culated total energies of various magnetic configurations,
HKH = HK +HJ + Γ
∑
〈ij〉∈γ
(Sαi S
β
j + S
β
i S
α
j )
+ Γ′
∑
〈ij〉∈γ
(Sαi S
γ
j + S
γ
i S
α
j + S
β
i S
γ
j + S
γ
i S
β
j ),
(7)
where (α, β, γ) is the cyclic permutation of (x, y, z). The
fitted parameters are listed in Table I. The Curie-Weiss
temperature of this model is θCW = −K − 3J1 − 6J2 −
3J3 = −104 K. The results of the closely related materi-
als Na2IrO3 and α-Li2IrO3 derived from first-principles
calculations [30] and nonperturbative exact diagonaliza-
tion [31] are also listed in Table I for comparison.
It is instructive to compare the magnetic interaction
parameters of H3LiIr2O6 and Na2IrO3. In both materi-
TABLE I. The magnetic interaction parameters (in meV) of
H3LiIr2O6 derived from first-principles calculations with the
hydrogen ions placed at the O-H-O bond centers. The results
of Na2IrO3 and α-Li2IrO3 reported in Refs. [30] and [31] are
included for comparison. The parameters cited from Ref. [31]
are averaged over the three bond directions.
Material K J1 J2 J3 Γ Γ
′
H3LiIr2O6 −21.6 6.3 0.4 3.1 −0.2 −4.1
Na2IrO3 [30] −19.1 7.2 −1.6 7.8 1.5 −3.5
Na2IrO3 [31] −16.8 0.5 0.2 6.7 1.4 −2.1
α-Li2IrO3 [31] −8.6 −2.7 0.4 6.0 8.9 −0.6
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FIG. 5. Phase diagram of the K-J1-J3 model obtained by
exact diagonalization on a 24-site cluster (blue lines) and on
a 32-site cluster (red lines). The parameters of Na2IrO3 and
H3LiIr2O6 are labeled.
als, the spin-anisotropic Γ and Γ′ terms are relatively
small, which suggests a minimal model incorporating
only the K-J1-J3 terms [31]. The phase diagram of this
model is obtained by exact diagonalization on small lat-
tice clusters (Fig. 5) [31] [25]. Both J1 and J3 terms can
destabilize the Kitaev QSL phase and lead to magnetic
ordered states. In particular, a sizable J3 term favors the
ziazag order, which is consistent with the experiments
on Na2IrO3 [11–13]. Both ratios J1/|K| and J3/|K| in
H3LiIr2O6 are significantly reduced upon the hydrogen
substitution, thus its ground state is closer to the Kitaev
QSL phase. Nevertheless, the fitted K-J1-J3 model of
H3LiIr2O6 remains in the zigzag ordered phase.
We argue that the proton fluctuations may further
push the effective magnetic interaction parameters of
H3LiIr2O6 into the Kitaev QSL phase. Recall that the
oxygen-mediated nearest-neighbor electron hopping van-
ishes in the pseudospin Jeff = 1/2 subspace due to the
destructive interference of the two Ir-O-Ir hopping paths
[9]. The fluctuations of the nearby protons make this
cancellation imperfect. When the proton gets closer to
one of the oxygen ions, the onsite energy of a hole at
this oxygen ion is increased, Ep → Ep + δEp, thus the
hopping amplitude along this path is reduced, t→ t−δt,
with δt/t ' δEp/Ep, and the two hopping paths do not
cancel out completely. For example, on a z-bond, the
remnant hopping term is
δHt = −1
3
δt(σz1 + σ
z
2)
∑
α
iαd†jαdiα + h.c., (8)
where d†jα is the creation operator of the pseudospin
Jeff = 1/2 electron on the iridium ion, and σ
z
1 and σ
z
2
are the configurations of the two dipoles close to the two
oxygen ions, respectively. Treating it as a perturbation
gives the following correction to the effective magnetic
interactions,
δHKH = δJ
∑
〈ij〉∈γ
(2Sγi S
γ
j − ~Si · ~Sj), (9)
where δJ = 8δt2/9(U + 2hx) and U is the onsite repul-
sion on the iridium ions. Therefore, the proton fluctu-
ations renormalize the magnetic interaction parameters,
|K| → |K| − 2δJ , and J1 → J1− δJ . The ratio J1/|K| is
nevertheless reduced because J1/|K| < 0.5. By consid-
ering the oxygen-mediated long-range hopping paths, we
can similarly argue that J3 is also reduced by the pro-
ton fluctuations. Therefore, the proton/electric dipole
fluctuations may further push the magnetic interactions
towards the Kitaev QSL phase.
Summary and outlook.—We have studied the physi-
cal consequences of the hydrogen substitution in the Ki-
taev QSL candidate H3LiIr2O6. We find that each pro-
ton is trapped in a double-well potential and forms an
electric dipole with two adjacent oxygen ions. Incorpo-
rating the dipole interactions and the proton tunneling,
the low-energy dynamics of these dipoles is captured by a
transverse-field Ising model. The strong proton tunneling
leads to a quantum disordered paraelectric ground state.
The dipole excitations may be probed with the dielec-
tric response and the infrared optical spectroscopy. The
dipole fluctuations renormalize the effective magnetic in-
teractions and may push the magnetic ground state of
H3LiIr2O6 into the Kitaev QSL phase.
The electric dipoles formed by displaced ions are ubiq-
uitous in materials. Our approach to the quantum dy-
namics of the electric dipoles can be applied to other
materials, which may account for the observed quantum
paraelectric states [32–34]. The interplay of the electric
dipoles and the spin and orbit degrees of freedom may
provide a new route towards QSLs and other exotic quan-
tum states of matter.
In this work, we have not analyzed the unusual ther-
modynamic behaviors of H3LiIr2O6 found in the exper-
iments [19]. We note that a recent theoretical work for
this behavior [35] was based on the assumption that a
single layer of H3LiIr2O6 would be in the Kitaev QSL
phase, which is consistent with our scenario.
Note added.—While we are finalizing this manuscript,
we became aware of a recent preprint [36] presenting
a similar study of the role of the hydrogen ions in
H3LiIr2O6.
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The supplementary materials include the implementation of first-principles calculations, the fitting
of the electric dipole-dipole interactions, the calculations of the magnetic interactions, and the exact
diagonalization of the K-J1-J3 model.
IMPLEMENTATION OF FIRST-PRINCIPLES
CALCULATIONS
First-principles calculations are performed with the
projector augmented wave (PAW) method [1, 2] and
the generalized gradient approximation (GGA) to the
exchange-correlation functional [3] implemented in the
Vienna ab initio Simulation Package (VASP) [4, 5]. The
energy cutoff of plane waves is set to be 500 eV. The
reciprocal lattice is sampled within a 9 × 5 × 9 and a
11 × 6 × 11 Γ-centered Monkhorst-Pack grid [6] in the
structural optimization and the magnetic calculations,
respectively. The spin-orbit coupling and the onsite
Coulomb interaction on the iridium atoms are included
in the noncollinear magnetic calculations. The effective
Coulomb repulsion Ueff = U − J [7] is set to be 1.5 eV,
the same as in the DFT calculations of α-Li2IrO3 [8, 9].
The lattice constants and the atom coordinates except
those of the hydrogen atoms are taken from the experi-
mental data [10]. The hydrogen atom positions are fully
relaxed and optimized in calculations. The atomic coor-
dinates of the interlayer lithium atoms in α-Li2IrO3 [11]
are used as the initial positions of the hydrogen atoms
in the structural optimization, because H3LiIr2O6 was
synthesized by substituting hydrogen for these interlayer
lithium atoms. The structural parameters preserving the
C2/m space group symmetry are listed in Table I.
TABLE I. The structural parameters of H3LiIr2O6 with the
space group C2/m. The lattice constants (a = 5.3489 A˚,
b = 9.2431 A˚, c = 4.8734 A˚, β = 111.440◦) and the atom
positions except those of the hydrogen atoms are taken from
the experimental data [10].
Atoms Ir Li O(1) O(2) H(1) H(2)
x 0 0 0.404 0.417 0 0
y 0.335 0 0.323 0 0.5 0.8192
z 0 0 0.229 0.220 0.5 0.5
ELECTRIC DIPOLE-DIPOLE INTERACTIONS
The total energies with different electric dipole config-
urations from the first-principles calculations are listed in
Table II. The different methods are adopted to extract
the intraplane interactions D1,2,3 and the interplane in-
teractions D′1,2,3 of the Ising model defined in Fig. 3 of
the main text.
First, for a specific inplane dipole configuration, e.g.,
FE, its intraplane (interplane) interaction energy is the
mean value (half of the difference) of the total energies
with the same and the opposite interplane configurations,
e.g., FE+FE and FE−FE. The intraplane and the in-
terplane energies of several inplane dipole configurations
are thus extracted and listed in Table III. The almost
degenerate intraplane interaction energies of the STRB
and the STRX configurations indicates that the spatial
anisotropy in the dipole-dipole interaction is negligibly
small. The intraplane and the interplane energies are
fitted to the two sets of energies, respectively, and the
least-square fitting yields D1 = 1.8 meV, D2 = −0.5
meV, D3 = −0.1 meV, and D′1 = −0.1 meV, D′2 = 1.1
meV, D′3 = 0.2 meV. The comparison of the inplane and
the interplane energies to the fitted results are shown in
Fig. 1.
Second, we fit both the intraplane and the interplane
interaction parameters directly to the total energies of
twelve dipole configurations. The results are reported in
the main text.
The interaction strengths derived with both methods
are consistent with each other within 0.1–0.2 meV, thus
suggesting that the Ising model correctly captures the
electric dipole-dipole interactions in H3LiIr2O6.
PROTON FLUCTUATIONS IN THE
O(1)-H(2)-O(1) BOND
There are two types of O-H-O bonds, which are
formed by O(2)-H(1)-O(2) and O(1)-H(2)-O(1), respec-
tively. The inplane coordinates of the O(2)-H(1)-O(2)
bonds are (0.5, 0) or (0, 0.5), and the O(2)-O(2) bond
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2TABLE II. Ground state energies (in eV) per supercell of different electric dipole configurations. The supercell in calculations
consists of twelve hydrogen atoms in two layers. The dots and the crosses in the schematic dipole configurations stand for the
electric dipoles pointing upward or downward, respectively.
Label FE+FE FE−FE STRB+STRB STRB−STRB TRI+TRI TRI−TRI
Configuration
Energy -282.8245 -282.9252 -282.9553 -282.9112 -282.9152 -282.8877
Label DSTR+DSTR DSTR−DSTR STRX+STRX STRX−STRX FE+STRB FE+STRX
Configuration
Energy -282.8931 -282.9261 -282.9890 -282.8857 -282.9070 -282.9103
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FIG. 1. Left: The intraplane interaction energies extracted from first-principles calculations vs. the fitted intraplane energies of
the Ising model. Right: Similar comparison for the interplane energies. A constant -282.413 eV is subtracted in the intraplane
interaction energies.
length is 2.54 A˚. The energy potential and the quantum
tunneling strength hx of the H(1) ion are reported in the
main text. The inplane coordinates of the O(1)-H(2)-
O(1) bonds are (±0.1808, 0) or (0.5,±0.3192), and the
O(1)-O(1) bond length is 2.46 A˚. The energy potential of
TABLE III. The intraplane and the interplane dipole-dipole
interaction energies, Eintra and Einter (in eV) extracted from
the total energies with the same and the opposite dipole con-
figurations in the two layers.
Label FE STRB STRX TRI DSTR
Eintra -282.875 -282.934 -282.937 -282.901 -282.910
Einter 0.050 0.022 -0.052 -0.014 0.017
the H(2) ion is shown in Fig. 2. The tunneling strength
of H(2) are obtained from the energy difference of the
bonding and the antibonding states, hx = 62.2 meV. It
is even larger than that of H(1), thus the conclusion of
the quantum paraelectric ground state is not changed.
CALCULATIONS OF MAGNETIC
INTERACTIONS
The total energies of different magnetic configurations
(Fig. 3) are calculated with the spin moments constrained
along the specified directions [12]. The results are shown
in Fig. 4. The spin moment direction is varied in the
crystallographic ab, bc, and ac planes following a simi-
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FIG. 2. The 1D double-well potential V (z) of the H(2) ion
along the O(1)-H(2)-O(1) bond direction, where the origin
is chosen at the bond center. The proton wavefunctions of
the bonding (Ψb) and the antibonding (Ψab) states are also
shown.
TABLE IV. The fitted magnetic interaction parameters (in
meV/g2S2, g: the Lande´ factor, S: the size of the pseudospin)
assuming the same interaction parameters on the x(y)-bond
and the z-bond. The uncertainty comes from the least-square
fitting procedure.
Parameter K J1 J2 J3 Γ Γ
′
Strength −21.6(6) 6.3(2) 0.4(1) 3.1(1) −0.2(3) −4.1(2)
lar study on Na2IrO3 [13]. These energies are used to
fit the interaction parameters in the (extended) Kitaev-
Heisenberg model, Eq. (7) of the main text. Because
the lengths of the x(y)-bond and the z-bond are slightly
different (see Fig. 1 of the main text), we adopt both a
spatially isotropic model, and an anisotropic model that
distinguishes the nearest z-bond parameters from the x-
and y-bonds. The results are listed in Tables IV and V,
respectively.
Moreover, we calculate and compare the total energies
of the inplane zigzag order with ferromagnetic and anti-
ferromagnetic interlayer stacking patterns (the spin mo-
ment is in the ac plane, θ = 110◦). The energy difference
is found to be less than 1 meV per magnetic unit cell.
Therefore, the interlayer magnetic interaction is weak
and negligible.
EXACT DIAGONALIZATION OF K-J1-J3 MODEL
We study the phase diagram of the K-J1-J3 model,
H = K
∑
〈ij〉∈γ
Sγi S
γ
j + J1
∑
〈ij〉
~Si · ~Sj + J3
∑
〈〈〈ij〉〉〉
~Si · ~Sj ,
by exact diagonalization on small lattices. We set K =
−1 because this is the sign of K in H3LiIr2O6 according
to our first-principles calculation.
Two finite-size honeycomb lattices, 2
√
3×2√3×2 with
24 sites and 4×4×2 with 32 sites, are studied (see Fig. 5).
With periodic boundary conditions they both preserve
the full lattice symmetries of the honeycomb lattice.
The ground state energies and wave functions of H are
obtained by the Lanczos method. The following symme-
tries of H are exploited to reduce the Hilbert space sizes,
(a) lattice translations; (b) conservation of Sz-parity,∏
j(2S
z
j ); (c) a spin space 2-fold rotation C
(spin x-axis)
2
generated by unitary operator
∏
j exp(ipiS
x
j ); (d) a spa-
tial 2-fold rotation C
(z-bond)
2 around a z-bond com-
bined with a spin space rotation by unitary operator∏
j exp(i
pi
2S
z
j ) in the translation trivial sector. The
ground states are found to be in the sector with triv-
ial translations, and
∏
j(2S
z
j ) = +1, and C
(spin x-axis)
2
eigenvalue +1, and C
(z-bond)
2 eigenvalue +1. The reduced
Hilbert space sizes are 88763 and 16798804 for the 24-site
and 32-site lattices respectively. Phase boundaries are
located by the peaks of the ground state fidelity suscep-
tibility [14], 2·[1−|〈ψ0(α+δα)|ψ0(α)〉|](δα)2 where |ψ0(α)〉 is the
ground state under parameter α. The results for the two
lattices are consistent (see Fig. 5 in the main text). Some
detailed results for the 32-site lattice are shown in Fig. 6.
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4FM zigzag1stripyNéel stripy1zigzag
30˚ 30˚
FIG. 3. Magnetic configuarations used in the magnetic calculations. The two types of spins, which are antiparallel to each
other, are denoted by filled and empty circles, respectively. There are two inequivalent propagating directions of the stripy and
the zigzag orders due to the bond length difference between the x(y) bond and the z bond. The solid lines enclose the magnetic
unit cell used in the calculations.
TABLE V. The fitted magnetic interaction parameters (in meV/g2S2, g: the Lande´ factor, S: the size of the pseudospin)
incorporating the inequivalence of the nearest x(y)-bond and the z-bond. The uncertainty comes from the least-square fitting
procedure.
Parameter Kx(y) Kz Jx(y) Jz Γx(y) Γz Γ
′
x(y) Γ
′
z J2 J3
Strength −24.1(6) −17.9(9) 7.7(3) 3.7(4) 0.0(4) −0.3(3) −5.5(4) −4.0(2) 0.4(1) 3.3(1)
● ● ● ● ● ●● ● ● ●● ●● ●● ● ● ●■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■
■ ■ ■ ■
■▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲
▲ ▲ ▲
▲ ▲
●■▲
ab
bc
ac
0 30 60 90 120 150 180
-60
-40
-20
0
20
Spin moment angle θ (degree)
En
er
gy
(meV
)
FM
● ● ●● ●● ●● ● ●● ● ●● ●● ● ●■ ■ ■■ ■ ■
■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■▲ ▲ ▲ ▲▲ ▲ ▲
▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲▲
●■▲
ab
bc
ac
0 30 60 90 120 150 180
-60
-40
-20
0
20
Spin moment angle θ (degree)
En
er
gy
(meV
)
Néel
● ●●● ●● ●
●● ● ●● ● ●●●● ●
■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■
■ ■ ■ ■▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲
▲
▲
▲
▲
▲▲▲▲
●■▲
ab
bc
ac
0 30 60 90 120 150 180
-60
-40
-20
0
20
Spin moment angle θ (degree)
En
er
gy
(meV
)
stripy
● ● ● ●● ● ● ●●●●● ●● ● ●
● ●
■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■
■ ■ ■
▲ ▲ ▲ ▲ ▲
▲
▲
▲
▲ ▲ ▲ ▲ ▲
▲ ▲
▲ ▲
●■▲
ab
bc
ac
0 30 60 90 120 150 180
-60
-40
-20
0
20
Spin moment angle θ (degree)
En
er
gy
(meV
)
zigzag
●●●●●●●●
● ● ● ● ●● ● ● ● ●■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■
■ ■ ■ ■ ■▲ ▲ ▲▲▲
▲
▲
▲
▲
▲ ▲ ▲ ▲ ▲ ▲
▲ ▲●■▲
ab
bc
ac
0 30 60 90 120 150 180
-60
-40
-20
0
20
Spin moment angle θ (degree)
En
er
gy
(meV
)
stripy1
●●●● ● ● ●● ● ● ● ● ● ● ● ● ● ●■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■
■ ■ ■▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲
▲ ▲
▲ ▲ ▲ ▲ ▲ ▲
●■▲
ab
bc
ac
0 30 60 90 120 150 180
-60
-40
-20
0
20
Spin moment angle θ (degree)
En
er
gy
(meV
)
zigzag1
FIG. 4. The total energies of the indicated magnetic configurations vs. the spin moment direction. The angle θ is measured
from the crystalographic a axis for moments aligned in the ab or the ac planes, and from the crystalographic b axis for moments
aligned in the bc plane. A constant energy -139 eV is subtracted from the total energy.
5FIG. 5. Left: The 24-site lattice. Right: The 32-site lattice. Closed and open circles indicate two sublattices.
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FIG. 6. Top-Left: The phase boundary determined by exact diagonalization of the 32-site lattice. The errorbars are estimated
from the peak widths of the ground state fidelity susceptibility. Lines are guide to the eyes. Top-Center: Ground state fidelity
susceptibility versus J1 for the 32-site lattice with J3 = 0. Others: Ground state fidelity susceptibility versus J3 for the 32-site
lattice, with J1 values indicated in the figures.
